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a b s t r a c t
For any simple connected graph G with diameter d and an integer k, 1 ≤ k ≤ d, a radio k-
coloring is an assignment f of positive integers to the vertices of G such that |f (u)− f (v)| ≥
1+ k− d(u, v), where u and v are any two distinct vertices of G and d(u, v) is the distance
between u and v. The maximum color (positive integer) assigned by f to some vertex of G
is called the span of f . The minimum of spans of all possible radio k-colorings of G is called
the radio k-chromatic number of G, denoted by rck(G). For k = d, the coloring is called the
radio coloring and the radio d-chromatic number is the radio number of G. Kchikech et al.
(2008) [3] have given upper and lower bounds for the radio k-chromatic number of the
hypercube Qn for n ≥ 2. In this paper, we give an improved lower bound and prove that
the bound is sharp for radio coloring.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Radio k-coloring is motivated by the frequency assignment problem, that is the assignment of frequencies to radio
transmitters in a way that avoids interference. Interference can occur if transmitters located sufficiently close to each other
receive close frequencies. At the same time the demand for frequencies is outstripping the pace of technological change in
expanding the usable radio spectrum. So the main task is to assign radio frequencies to transmitters at different locations
using minimum span and without causing interference; see [1].
Let G be a simple connected graph with diameter d and let k, 1 ≤ k ≤ d, be an integer. A radio k-coloring of G is
an assignment f of positive integers to the vertices of G such that for any two distinct vertices u and v, |f (u) − f (v)| ≥
1 + k − d(u, v), where d(u, v) is the distance between u and v. The span of f , denoted by rck(f ), is the maximum positive
integer assigned by f to a vertex of G. The radio k-chromatic number, rck(G), of G is the minimum of spans of all possible
radio k-colorings of G. A radio k-coloring having the span rck(G) is called a minimal radio k-coloring. In particular, the radio
d-coloring is called the radio coloring and the radio d-chromatic number is called the radio number. Radio k-coloring was
introduced by Chartrand et al. [2] and has been studied by many authors; see [3–10,14]. For some special values of k there
are special names for radio k-coloring and radio k-chromatic number in the literature which are given in the following table.
k Name of coloring rck(G)
1 Usual coloring Chromatic number, χ(G)
diam(G) Radio coloring Radio number, rn(G)
diam(G)− 1 Antipodal coloring Antipodal number, ac(G)
diam(G)− 2 Nearly antipodal coloring Nearly antipodal number, ac′(G)
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Finding the radio k-chromatic number of graphs is highly non-trivial and therefore it is known for very few graphs only.
For path Pn, rck(Pn) is known for k = n− 1 [8], n− 2 [4], n− 3 [10] and n− 4 (n odd) [11]. For cycle Cn, the radio number
was determined by Liu and Zhu [8], and the antipodal number is known only for n ≡ 1, 2, 3 (mod 4); see [12,13]. The
radio numbers of squares of paths and cycles have been determined in [7,6] respectively. For the current status for the radio
k-chromatic number of graphs see [9].
Kchikech et al. [3] have given upper and lower bounds for the radio k-chromatic number of the Cartesian product G  G′
of any two graphs G and G′, and as a corollary one gets upper and lower bounds for hypercube Qn as given below.
Theorem 1.1 ([3]). If Qn is a hypercube of dimension n, then:
(i) rck(Qn) ≤ (2n − 1)k− 2n−1 + 1, if n− 1 ≤ k < 2n− 2;
(ii) rck(Qn) ≥ (2n − 1)k− 2n−1(2n− 3)− n, if 1 ≤ k ≤ n.
In this paper, we give an improved lower bound for the radio k-chromatic number of the hypercube Qn, n ≥ 2;
specifically, we show that rck(Qn) ≥
(
3(k+1)−2n
2
)
2n−1 − k−12 if k is odd, and rck(Qn) ≥
(
3(k+1)−2n+1
2
)
2n−1 − k2 if k
is even. We have improved the lower bound since, for the case where k is odd, we have
[(
3(k+1)−2n
2
)
2n−1 − k−12
]
−[
(2n − 1)k− 2n−1(2n− 3)− n] = (2n − k)2n−2 + n + k+12 − 3(2n−2), and for the case where k is even, we have[(
3(k+1)−2n+1
2
)
2n−1 − k2
]
− [(2n − 1)k− 2n−1(2n− 3)− n] = (2n − k)2n−2 + n + k2 − 2(2n−2). We also show that our
lower bound is sharp for radio coloring; in other words we determine the radio number of Qn which achieves the lower
bound. Note that the radio number of Qn had not been previously determined.
2. Preliminaries
The n-dimensional cube or hypercube Qn is the simple graph whose vertices are the n-tuples with entries in {0, 1} and
its edges are the pairs of n-tuples that differ in exactly one position. The hypercube is a natural computer architecture.
Processors can communicate directly if they correspond to adjacent vertices in Qn.
In the following theorem we list some properties of Qn which will be used in the rest of the paper.
Theorem 2.1. The following statements are true for a hypercube Qn:
(a) For any two vertices x and y, d(x, y) = j if and only if x and y differ at exactly j places.
(b) For any two vertices x and y, if d(x, y) = n then d(x, y) = d(x, z)+ d(z, y), where z is any vertex different from x and y.
(c) For any three vertices x, y and z, d(x, x′)+ d(x′, z) ≥ d(x, y)+ d(y, z), where x′ is a vertex with d(x, x′) = n.
(d) For any three vertices x, y and z, d(x, z) ≤ 2n− (d(x, y)+ d(y, z)).
Proof. It is easy to prove statement (a). For statement (b), x and y differ at exactly n places. So, if z differs at k places
from x, then z matches at k places with y. i.e., z differs at n − k places with y. Then from statement (a), we get that
d(x, y) = d(x, z)+ d(z, y). For statement (c), we use the triangle inequality d(y, x′)+ d(x′, z) ≥ d(y, z). Using statement (b)
we get d(x, x′)+ d(x′, z) = d(x, y)+ d(y, x′)+ d(x′, z) ≥ d(x, y)+ d(y, z). For statement (d), consider the vertex y′ which is
at distance n from y. From (b), we have d(x, y′) = n− d(x, y) and d(z, y′) = n− d(z, y). Then, from the triangle inequality
we have d(x, z) ≤ d(x, y′)+ d(y′, z) = 2n− (d(x, y)+ d(y, z)). 
Notation 2.1. In this paper an ordered set S with n elements is represented as S = (a1, a2, . . . , am) (i.e., ai is the ith element.
i = 1, 2, . . . , n). If S = (a1, a2, . . . , am) is an ordered set, then S(j) = (aj+1, aj+2, . . . , am, a1, a2, . . . , aj), j = 1, 2, . . . ,m−1.
We define S(0) = S. If S1 and S2 are ordered sets of equal numbers of vertices in Qn1 and Qn2 respectively, then we represent
as S1 ? S2 the ordered set whose ith element is of the form x1x2 · · · xn1y1y2 · · · yn2 , where x1x2 · · · xn1 and y1y2 · · · yn2 are the
ith elements of S1 and S2 respectively. If S1 = (a1, a2, . . . , al) and S2 = (b1, b2, . . . , bm) are ordered sets, then the ordered
union of S1 and S2, denoted by S1 uniondbl S2, is the ordered set (a1, a2, . . . , al, b1, b2, . . . , bm). For any ordered set S of vertices in
Qn, Ŝ represents the ordered set whose ith element is obtained from the ith element of S by changing 0’s to 1’s and 1’s to 0’s.
For example, if S = {00000, 00011, 00101, 00110}, then Ŝ = {11111, 11100, 11010, 11001}.
3. An improved lower bound of rck(Qn)
Before presenting the improved lower bound of rck(Qn), we mention the following definition which is given in [4].
Definition 3.1. Let f be any radio k-coloring of a graph G of order n and x1, x2, . . . , xn be an ordering of the vertices of G
such that f (xi) ≤ f (xi+1), 1 ≤ i ≤ n− 1. Then we define i (or  fi to specify the coloring f ) as= [f (xi)− f (xi−1)] − [1+ k−
d(xi, xi−1)], 2 ≤ i ≤ n.
The following lemma gives the span of a radio k-coloring of a graph of order n in terms of n, k, the distance sum and ’s sum.
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Lemma 3.1. For any radio k-coloring of G, rck(f ) = f (xn) = (n− 1)(1+ k)−∑ni=2 d(xi, xi−1)+∑ni=2  fi + 1, where the xi’s
are arranged as in Definition 3.1.
Proof.
f (xn)− f (x1) =
n∑
i=2
[f (xi)− f (xi−1)] =
n∑
i=2
[1+ k− d(xi, xi−1)+  fi ]
= (n− 1)(1+ k)−
n∑
i=2
d(xi, xi−1)+
n∑
i=2

f
i .
Since f (x1) = 1, we get f (xn) = (n− 1)(1+ k)−∑ni=2 d(xi, xi−1)+∑ni=2  fi + 1. 
The next theorem presents the main result of the paper.
Theorem 3.1. For any positive integer n ≥ 2 and k, 1 ≤ k ≤ n,
rck(Qn) ≥

(
3(k+ 1)− 2n
2
)
2n−1 − k− 1
2
, if k is odd,(
3(k+ 1)− 2n+ 1
2
)
2n−1 − k
2
, if k is even.
Proof. Let g be an arbitrary radio k-coloring of Qn and y1, y2, . . . , y2n be an ordering of vertices of Qn such that g(yi) ≤
g(yi+1), 1 ≤ i ≤ 2n − 1, and let gi = (g(yi) − g(yi−1)) − (1 + k − d(yi, yi−1)), 2 ≤ i ≤ 2n (as we have introduced in
Definition 3.1). We first give a lower bound for a radio k-coloring f with
∑2n
i=2 
(f )
i = 0 and for an arbitrary radio k-coloring
g we show that span g ≥ span f .
Then from Lemma 3.1, we have
g(y2n) = (2n − 1)(1+ k)−
2n∑
i=2
d(yi, yi−1)+
2n∑
i=2

g
i + 1. (3.1)
For any three vertices yi, yi+1 and yi+2, we have
g(yi+1)− g(yi) = 1+ k− d(yi, yi+1)+ gi+1, (3.2)
g(yi+2)− g(yi+1) = 1+ k− d(yi+1, yi+2)+ gi+2. (3.3)
By adding (3.2) and (3.3), we get
g(yi+2)− g(yi) = 2(1+ k)− (d(yi, yi+1)+ d(yi+1, yi+2))+ gi+1 + gi+2. (3.4)
Since g is a radio k-coloring, we have
g(yi+2)− g(yi) ≥ 1+ k− d(yi, yi+2). (3.5)
From Eqs. (3.4) and (3.5), we have 2(1 + k) − (d(yi, yi+1) + d(yi+1, yi+2)) + gi+1 + gi+2 ≥ 1 + k − d(yi, yi+2). From (d) of
Theorem 2.1 we have 2(1+ k)− (d(yi, yi+1)+ d(yi+1, yi+2))+ gi+1 + gi+2 ≥ 1+ k− (2n− (d(yi, yi+1)+ d(yi+1, yi+2))).
Then, we have
d(yi, yi+1)+ d(yi+1, yi+2) ≤ n+ k+ 12 +

g
i+1 + gi+2
2
. (3.6)
First assume that k is an odd integer. For any radio k-coloring f and an ordering x1, x2, . . . , x2n of vertices of Qn such that
f (xi) ≤ f (xi+1), 1 ≤ i ≤ 2n − 1, if∑2ni=2  fi = 0, then from Eq. (3.6) we get
d(xi, xi+1)+ d(xi+1, xi+2) ≤ n+ k+ 12 . (3.7)
Since Qn has an even number of vertices (2n), the distance sum
∑2n
i=2 d(xi, xi−1) contains an odd number of terms. Therefore
we have 2
n−2
2 as the number of disjoint consecutive pairs {d(xi, xi+1), d(xi+1, xi+2)} and one single term d(x1, x2) or
d(x2n−1, x2n) in the distance sum
∑2n
i=2 d(xi, xi−1). From Eq. (3.7) and since a single term in the distance sum can take the
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value at most n, the maximum value of
∑2n
i=2 d(xi, xi−1)
(
when
∑2n
i=2 
f
i = 0
)
over all possible radio k-colorings f will be as
below:
max
f
2n∑
i=2
d(xi, xi−1) ≤
(
n+ k+ 1
2
)(
2n − 2
2
)
+ n.
If
∑2n
i=2 
f
i = 0, then from Eq. (3.1)
f (x2n) ≥ (2n − 1)(k+ 1)−
[(
n+ k+ 1
2
)(
2n − 2
2
)
+ n
]
+ 1 =
(
3(k+ 1)− 2n
2
)
2n−1 − k− 1
2
.
We next show that for the radio k-coloring g , span g ≥
(
3(k+1)−2n
2
)
2n−1 − k−12 , and since g is an arbitrary radio k-coloring
we get the result.
Case I: Suppose that
∑2n
i=2 d(yi, yi−1) ≤
(
n+ k+12
) ( 2n−2
2
)
+ n.
Then by Eq. (3.1) and since
∑2n
i=2 
(g)
i ≥ 0, we have g(y2n) ≥ (2n−1)(1+k)−
∑2n
i=2 d(yi, yi−1)+1 =
(
3(k+1)−2n
2
)
2n−1−
k−1
2 .
Case II: Suppose now that
∑2n
i=2 d(yi, yi−1) >
(
n+ k+12
) ( 2n−2
2
)
+ n.
Let
∑2n
i=2 d(yi, yi−1) =
(
n+ k+12
) ( 2n−2
2
)
+ n+M , whereM is a positive integer. Since∑2ni=2 d(yi, yi−1) contains a total
number 2
n−2
2 of disjoint consecutive pairs and one single term d(y1, y2) or d(y2n−1, y2n)whose value is at most n andM > 0,
we get the sum of some (say l in number) consecutive pairs such that d(yj, yj+1) + d(yj+1, yj+2) = n + k+12 + mj,mj > 0
and also
∑
jmj ≥ M . From Eq. (3.6) we have n + k+12 +

g
j+1+gj+2
2 ≥ n + k+12 + mj. So gi+1 + gi+2 ≥ 2mj. Then we have∑2n
i=2 i ≥ 2
∑
jmj ≥ 2M . Now from Eq. (3.1), we get
g(y2n) = (2n − 1)(1+ k)−
2n∑
i=2
d(yi, yi−1)+
2n∑
i=2

g
i + 1
= (2n − 1)(1+ k)−
((
n+ k+ 1
2
)(
2n − 2
2
)
+ n+M
)
+
2n∑
i=2

g
i + 1
≥ (2n − 1)(1+ k)−
((
n+ k+ 1
2
)(
2n − 2
2
)
+ n+M
)
+ 2M + 1
> (2n − 1)(1+ k)−
((
n+ k+ 1
2
)(
2n − 2
2
)
+ n
)
+ 1
=
(
3(k+ 1)− 2n
2
)
2n−1 − k− 1
2
.
So, in both cases, we have rck(g) ≥
(
3(k+1)−2n
2
)
2n−1 − k−12 and hence rck(Qn) ≥
(
3(k+1)−2n
2
)
2n−1 − k−12 when k is odd.
Assume now that k is an even integer. Then, since k+12 is not an integer, Eq. (3.7) will be d(xi, xi+1)+ d(xi+1, xi+2) ≤ n+ k2 .
Using arguments similar to those of the casewhere k is odd, we get rck(Qn) ≥ (2n−1)(1+k)−
((
n+ k2
) ( 2n−2
2
)
+ n
)
+1 =(
3(k+1)−2n+1
2
)
2n−1 − k2 . 
4. The radio number of the hypercube Qn
In this section, we give a radio coloring of Qn whose span coincides with the lower bound given in Theorem 3.1 and hence
we determine the radio number of Qn. From the radio colorings of Q2 and Q3 in Fig. 1 and Theorem 3.1, we have rn(Q2) = 5
and rn(Q3) = 11.
The following theorems are essential for the computation of a minimal radio coloring of Qn, n ≥ 4.
Theorem 4.1. For any odd integer n, if there exists an ordering x1, x2, . . . , x2n of vertices of Qn such that the sequence
d(x1, x2), d(x2, x3), . . . , d(x2n−1, x2n) is an alternating sequence of n’s and n+12 ’s (beginning with n) then an assignment f of
positive integers to V (Qn) with f (xi+1)− f (xi) = 1+ n− d(xi, xi+1), for all 1 ≤ i ≤ 2n − 1, is a radio coloring of Qn.
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Fig. 1. Minimal radio colorings of Q2 and Q3 .
Proof. To show that f is a radio coloring of Qn, it suffices to show that f (xj)− f (xi) = 1+n−d(xi, xj) for any 1 ≤ i ≤ 2n−2
and j ≥ i+ 2. So let us take 1 ≤ i ≤ 2n− 2 and j ≥ i+ 2 throughout the proof. First suppose that j = i+ 2. If d(xi, xi+1) = n
and d(xi+1, xi+2) = n+12 , then by Theorem 2.1(b), we have d(xi, xi+2) = d(xi, xi+1) − d(xi+2, xi+1) = n − n+12 = n−12 . If
d(xi, xi+1) = n+12 and d(xi+1, xi+2) = n, then also by Theorem 2.1(b), we have d(xi, xi+2) = d(xi, xi+1)−d(xi+2, xi+1) = n−12 .
Now f (xi+2) − f (xi) = f (xi+2) − f (xi+1) + f (xi+1) − f (xi) = 1 + n − d(xi+1, xi+2) + 1 + n − d(xi, xi+1) = 2(1 + n) −
(d(xi, xi+1)+ d(xi+1, xi+2)) = 2(1+ n)−
(
n+ n+12
) = 1+ n− n−12 = 1+ n− d(xi, xi+2). Next, let j = i+ 3. Then
f (xi+3)− f (xi) = f (xi+3)− f (xi+2)+ f (xi+2)− f (xi+1)+ f (xi+1)− f (xi)
= 1+ n− d(xi+2, xi+3)+ 1+ n− d(xi+1, xi+2)+ 1+ n− d(xi, xi+1)
= 3(1+ n)− (d(xi, xi+1)+ d(xi+1, xi+2)+ d(xi+2, xi+3)) .
If d(xi, xi+1) + d(xi+1, xi+2) + d(xi+2, xi+3) = n+12 + n + n+12 = 2n + 1 then f (xi+3) − f (xi) = 3(1 + n) − (2n + 1) =
n + 2 ≥ 1 + n − d(xi, xi+3). If d(xi, xi+1) = n, d(xi+1, xi+2) = n+12 and d(xi+2, xi+3) = n then, by Theorem 2.1(b), we have
d(xi, xi+3) = n+12 . In this case f (xi+3)− f (xi) = 3(1+n)−
(
n+ n+12 + n
) = 1+n− n−32 ≥ 1+n− n+12 = 1+n−d(xi, xi+3).
Finally, for j ≥ 4 we have
f (xj)− f (xi) = f (xj)− f (xj−1)+ f (xj−1)− f (xj−2)+ · · · + f (xi+1)− f (xi)
= 1+ n− d(xj, xj−1)+ 1+ n− d(xj−1, xj−2)+ · · · + 1+ n− d(xi+1, xi)
≥ 2(1+ n)− (d(xj, xj−1)+ d(xj−1, xj−2))+ 2(1+ n)− (d(xj−2, xj−3)+ d(xj−3, xj−4))
= 2(1+ n)−
(
n+ n+ 1
2
)
+ 2(1+ n)−
(
n+ n+ 1
2
)
= n+ 3
2
+ n+ 3
2
= n+ 3
≥ 1+ n− d(xi, xj).
Therefore f is a radio coloring of Qn, where n is an odd number. 
Theorem 4.2. For any even integer n, if there exists an ordering x1, x2, . . . , x2n of vertices of Qn such that the sequences
d(x1, x2), d(x2, x3), . . . , d(x2n−1−1, x2n−1) and d(x2n−1+1, x2n−1+2) · · · d(x2n−1, x2n) are alternating sequences of n’s and n2 ’s
(beginning with n) and d(x2n−1 , x2n−1+1) = n+22 then an assignment f of positive integers to V (Qn) such that f (xi+1)− f (xi) =
1+n−d(xi, xi+1), for all 1 ≤ i 6= 2n−1 ≤ 2n−1, and f (x2n−1+1)− f (x2n−1) = 1+n−d(x2n−1 , x2n−1+1)+1, is a radio coloring
of Qn.
Proof. As in Theorem 4.1 we show that f (xj) − f (xi) ≥ 1 + n − d(xi, xj), for any 1 ≤ i ≤ 2n − 2 and j ≥ i + 2. First let
j = i + 2. Using arguments similar to those in the proof of Theorem 4.1, we have f (xi+2) − f (xi) = 2(1 + n) −
(
n+ n2
)
, if∣∣{xi, xi+1, xi+2} ∩ {x2n−1 , x2n−1+1}∣∣ ≤ 1 and f (xi+2)− f (xi) = 2(1+n)− (n+ n+22 ), if ∣∣{xi, xi+1, xi+2} ∩ {x2n−1 , x2n−1+1}∣∣ = 2.
By Theorem 2.1(b), in the former case d(xi, xi+2) = n2 and in the latter case d(xi, xi+2) = n−22 , and therefore we get
f (xi+2)− f (xi) ≥ 1+ n− d(xi, xi+2). Next, using arguments similar to those in the proof of Theorem 4.1, for j = i+ 3 we get
f (xi+3)− f (xi) = 3(1+n)−(d(xi, xi+1)+ d(xi+1, xi+2)+ d(xi+2, xi+3)). Suppose that d(xi, xi+1) = d1, d(xi+1, xi+2) = d2 and
d(xi+2, xi+3) = d3. Then {d1, d2, d3} ⊆
{
n, n2 ,
n+2
2
}
. If only one of d1, d2 or d3 is equal to n then d1+d2+d3 ≤ 2n+1 and we
get f (xi+3)− f (xi) ≥ n+2 ≥ 1+n−d(xi, xi+3). If two of d1, d2 or d3 are equal to n then we have d1 = d3 = n and d2 = n2 or
n+2
2 . Then, if d2 = n2 then f (xi+3)− f (xi) = 1+n− n−42 and if d2 = n+22 then f (xi+3)− f (xi) = 1+n− n−22 . By Theorem 2.1(b),
in the former case d(xi, xi+3) = n2 and in the latter case d(xi, xi+3) = n+22 , and thenwe get f (xi+3)−f (xi) ≥ 1+n−d(xi, xi+3).
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Finally, for j ≥ 4, we have
f (xj)− f (xi) = f (xj)− f (xj−1)+ f (xj−1)− f (xj−2)+ · · · + f (xi+1)− f (xi)
≥ 1+ n− d(xj, xj−1)+ 1+ n− d(xj−1, xj−2)+ · · · + 1+ n− d(xi+1, xi)
≥ 2(1+ n)− (d(xj, xj−1)+ d(xj−1, xj−2))+ 2(1+ n)− (d(xj−2, xj−3)+ d(xj−3, xj−4))
≥ 2(1+ n)−
(
n+ n+ 2
2
)
+ 2(1+ n)−
(
n+ n
2
)
= n+ 2
2
+ n+ 4
2
= n+ 3
≥ 1+ n− d(xi, xj).
Therefore, f is a radio coloring of Qn, where n is an even number. 
Next, we give a minimal radio coloring of Qn, n ≥ 4, by applying Theorems 4.1 and 4.2. Therefore we first arrange the
vertices of Qn as given in the hypotheses of these theorems and then define the radio coloring f . In the rest of the paper, we
take the vertices of Qn as strings of 0’s and 1’s of length n and any two of them are adjacent if they differ at exactly one place.
Since Qn is bipartite, we take {V (n)1 , V (n)2 } as the bipartition of Qn. So |V (n)1 | = |V (n)2 | = 2n−1 and the distance between any
two vertices in Qn is even if and only if they are within the same partite set. Here we have four different cases depending on
whether n ≡ 0, 1, 2 or 3 (mod 4).
4.1. The algorithm
In this subsection, we give an algorithm for arranging the vertices of Qn, n ≡ 0, 1 or 3 (mod 4) (the arrangement of
verticeswhenn ≡ 2 (mod 4) is similar to that in then ≡ 0 (mod 4) case), as given in thehypotheses of Theorems4.1 and4.2.
Algorithm 4.1.
Input: I(5)1 = (00000, 00011, 00101, 00110, 01010, 01001, 01111, 01100) ,
I(5)2 = (10100, 11000, 11011, 11101, 11110, 10111, 10001, 10010) ,
A = (1001, 1010, 1100, 1111, 0110, 0000, 0011, 0101) ,
B = (0111, 1110, 1000, 0100, 0010, 0001, 1101, 1011)
I = (0000, 1111, 1000, 0111, 1001, 0110, 0001, 1110) ,
II = (0101, 1010, 1101, 0010, 1100, 0011, 0100, 1011) ,
C = (000, 111, 110, 001, 101, 010, 011, 100) ,
D = (0000, 1111, 0011, 1100, 1010, 0101, 0110, 1001) ,
E = (0001, 1110, 0010, 1101, 1011, 0100, 1000, 0111)
I(4)1 = (0000, 1111, 0011, 1100, 1010, 0101, 0110, 1001) ,
I(4)2 = (1110, 0001, 0010, 1101, 1011, 0100, 0111, 1000) , F = I(4)1 , G = I(4)2 and n (≥4).
Output: An ordered set V (n) that contains all the vertices of Qn ordered as in Theorem 4.1 (n is odd) or as in Theorem 4.2
(n is even).
1. If n ≡ 1 (mod 4)
2. go to Subroutine 1
3. If n ≡ 3 (mod 4)
4. go to Subroutine 2
5. If n ≡ 0 (mod 4)
6. go to Subroutine 3.
Subroutine 1. 1. p = 5.
2. If p < n.
(i) i = 1, l = 1.
(ii) m = −1.
(iii) For j = l to l+ 7 and k = l+ 8 to l+ 15
m = m+ 1
I(p+4)j = I(p)i ? A(m).
I(p+4)k = Îi(p) ? B(m).
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(iv) i = i+ 1,
if i > 2
(n−4)−1
8 .
p = p+ 4.
go to 2.
else
l = l+ 16.
go to (ii).
3. V (n)1 = uniondbl
2n−1
8
j=1 I
(n)
j .
4. V (n)2 = V̂1(n).
5. V (n) = V (n)1 uniondbl V (n)2 .
Subroutine 2. 1. For i = 1, 2
I(7)i = I ? C (2i−2)
I(7)i+4 = II ? C (2i−2)
I(7)i+10 = I ? C (2i−2)
I(7)i+14 = I ? C (2i−2).
2. For i = 3, 4
I(7)i = I ? C (2i−2)
I(7)i+4 = II ? C (2i−2)
I(7)i+6 = I ? C (2i−2)
I(7)i+10 = II ? C (2i−2).
3. p = 7.
4. If p < 7.
(i) i = 1, l = 1.
(ii) m = −2.
(iii) For j1 = l to l+ 3, j2 = l+ 4 to l+ 7, j3 = l+ 8 to l+ 11, j4 = l+ 12 to l+ 15
m = m+ 2
I(p+4)j1 = I(p)i ? D(m)
I(p+4)j2 = I(p)i ? D̂(m)
I(p+4)j3 = Îi
(p)
? E(m)
I(p+4)j4 = Îi
(p)
? Ê(m).
(iv) i = i+ 1
if i > 2
n−4
8
p = p+ 4
go to 4
else
l = l+ 16 go to (ii).
5. V (n) = uniondbl2n−3j=1 I(n)j .
Subroutine 3. 1. p = 4.
2. If p < 4.
(i) i = 1, l = 1.
(ii) m = −2.
(iii) For j = l to l+ 3 and k = l+ 4 to l+ 7
m = m+ 2
if 1 ≤ i ≤ 2(n−4)−18
I(n)j = I(n−4)i ? F (m)
I(n)k = I(n−4)i ? F̂ (m)
if 2
(n−4)−1
8 + 1 ≤ i ≤ 2
(n−4)
8
I(n)j = I(n−4)i ? G(m)
I(n)k = I(n−4)i ? Ĝ(m).
(iv) i = i+ 1
if i > 2
n−4
8
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i = 1,m = −2, l = l+ 8
for j = l to l+ 3 and k = l+ 4 to l+ 7
m = m+ 2
if 1 ≤ i ≤ 2(n−4)−18
I(n)j = I(n−4)i ? G(m)
I(n)k = I(n−4)i ? Ĝ(m)
if 2
(n−4)−1
8 + 1 ≤ i ≤ 2
(n−4)
8
I(n)j = I(n−4)i ? F (m)
I(n)k = I(n−4)i ? F̂ (m)
else l = l+ 8
go to (ii).
(v) i = i+ 1
if i > 2
n−4
8
p = p+ 4
go to 2
else
l = l+ 8
go to (iv).
3. V (n) = uniondbl2n−3j=1 I(n)j .
4.2. Correctness of the algorithm
In this subsection, we verify the correctness of the algorithm given in Section 4.1.
Theorem 4.3. The distance between any two consecutive vertices in V (n)1 as constructed by Subroutine 1 of Algorithm 4.1 is
n−1
2 .
Proof. We use induction on n. For n = 5, we have V (5)1 = I(5)1 uniondbl I(5)2 and it is an ordering of 25−1 = 16 vertices of Q5 such that
the distance between any two consecutive vertices is 5−12 = 2. Next we assume that the vertices in V (n−4)1 are such that the
distance between any two consecutive vertices is (n−4)−12 . Let x and y be consecutive vertices in V
(n)
1 such that x precedes y.
Since V (n)1 = uniondbl
2n−1
8
i=1
[
uniondbl7m=0
(
In−4i ? A(m)
)]
uniondbl
[
uniondbl7m=0
(̂
Ii
n−4
? B(m)
)]
, we have the following four cases.
(i) x and y are within I(n−4)i ? A(m)
(
or Îi
(n−4)
? B(m)
)
for some i andm.
(ii) x is the last vertex in I(n−4)i ? A(m)
(
or Îi
(n−4)
? B(m)
)
and y is the first vertex in I(n−4)i ? A(m+1)
(
or Îi
(n−4)
? B(m+1)
)
.
(iii) x is the last vertex in I(n−4)i ? A(7) and y is the first vertex in Îi
(n−4)
? B(0).
(iv) x is the last vertex in Îi
(n−4)
? B(7) and y is the first vertex in I(n−4)i+1 ? A(0).
From our assumption, the distance between any two consecutive vertices in I(n−4)i
(
or Îi
(n−4))
is (n−4)−12 and observe that
the distance between any two consecutive vertices in A(m)
(
or B(m)
)
is 2. Therefore the result holds for (i). Since the distance
between the first and the last vertices in I(5)1 (Î1
(5)
) or I(5)2 (Î2
(5)
) is 5−12 = 2 and since the distance between the first and the
last vertices in A(m) or B(m), 1 ≤ m ≤ 7, is 2 and as I(n)j = I(n−4)i ? A(m) or Îi(n−4) ? B(m), we have that the distance between the
first and last vertices in I(n−4)i (or Îi
(n−4)
) is (n−4)−12 . Also observe that the distance between the last vertex in A
(m) (or B(m))
and the first vertex in A(m+1) (or B(m+1)) is 2. So we get the result for case (ii). Since the distance between the last vertex in
I(n−4)i and the first vertex in Îi
(n−4)
is (n−4)+12 (by Theorem 2.1(b)) and the distance between the last vertex in A
(7) and the
first vertex in B(0) is 1, the result holds for case (iii). Since the distance between the last vertex in Îi
(n−4)
and the first vertex
in I(n−4)i+1 is
(n−4)+1
2 (by Theorem 2.1(b)) and the distance between the last vertex in B
(7) and the first vertex in A(0) is 1, we
get that the result holds for case (iv). 
Theorem 4.4. The sequence of vertices of Qn constructed by using Subroutine 2 of Algorithm 4.1 is such that the corresponding
distance sequence is an alternating sequence of n’s and n+12 ’s.
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Proof. It is easy to see that the ordered set I uniondbl II is the vertex set of Q4 such that the corresponding distance sequence is an
alternating sequence of 4’s and 3’s and the ordered set C is the vertex set ofQ3 arranged in such away that the corresponding
distance sequence is an alternating sequence of 3’s and 1’s. Like the vertices in C , the vertices in C (j) are such that the
corresponding distance sequence is an alternating sequence of 3’s and 1’s. So the ordered sets I(7)1 , I
(7)
2 , I
(7)
3 , . . . , I
(7)
16 and
their ordered complements contain vertices such that the corresponding distance sequence is an alternating sequence of 7’s
and 4’s. Now, we can assume that the ordered sets I(n−4)1 , I
(n−4)
2 , I
(n−4)
3 , . . . , I
(n−4)
2n−7 and their ordered complements contain
vertices such that the corresponding distance sequence is an alternating sequence of n − 4’s and (n−4)+12 ’s. One can easily
check that the ordered sets D(m), D̂(m), E(m) and Ê(m), m = 0, 2, 4, 6, contain vertices such that the corresponding distance
sequence is an alternating sequence of 4’s and 2’s, the distance between the last vertex in A(6) (or B(6)) and the first vertex
in Â(0) (or B̂(0)) is 2 and the distance between the last vertex in Â(6) (or B̂(6)) and the first vertex in B(0) (or A(0)) is 3. Also
one can see that the distance between the last vertex in I(n−4)i (or Îi
(n−4)
) and the first vertex in I(n−4)i (or Îi
(n−4)
) is (n−4)+12
and the distance between the last vertex in I(n−4)i (or Îi
(n−4)
) and the first vertex in Îi
(n−4)
(or I(n−4)i ) is
(n−4)−1
2 . Therefore
the sequence of vertices of Qn constructed by using Algorithm 4.1 is such that the corresponding distance sequence is an
alternating sequence of n’s and n+12 ’s. 
Theorem 4.5. The sequence of vertices of Qn constructed by using Subroutine 3 of Algorithm 4.1 is such that the corresponding
distance sequence is an alternating sequence of n’s and n2 ’s except for the 2
n−1th element which is n+22 .
Proof. Since the ordered sets I41 and I
4
2 contain the vertices of Q4 such that the corresponding distance sequence is
an alternating sequence of 4’s and 2’s except for the eighth distance which is 3, we can assume that the ordered sets
I(n−4)1 , I
(n−4)
2 , . . . , I
(n−4)
2n−7 contain the vertices of Qn−4 such that the corresponding distance sequence is an alternating
sequence of n− 4’s and (n−4)2 ’s except the 2n−5th element which is n−22 . It is easy to observe the following: The ordered sets
F (m), F̂ (m), G(m) and Ĝ(m),m = 0, 2, 4, 6, contain vertices such that the corresponding distance sequence is an alternating
sequence of 4’s and 2’s. The distance between the last vertex in F (m) (or F̂ (m)) and first vertex in F (m+2) (or F̂ (m+2)),m = 0, 2, 4,
is 2. The distance between the last vertex in G(m) (or Ĝ(m)) and first vertex in G(m+2) (or Ĝ(m+2)),m = 0, 2, 4, is 2. The distance
between the last vertex in F (6) (or G(6)) and the first vertex in F̂ (0) (or Ĝ(0)) is 2. The distance between the last vertex in F̂ (6)
and the first vertex in G(0) is 1. The distance between the last vertex in Ĝ(6) and the first vertex in F (0) is 3. The distance
between the last vertex in I(n−4)i and the first vertex in I
(n−4)
i is 2. Therefore the sequence of vertices of Qn constructed by
using Algorithm 4.1 is such that the corresponding distance sequence is an alternating sequence of n’s and n2 ’s except the
2n−1th element which is n+22 . 
5. Construction of a minimal radio coloring of Qn
In this section, we define a radio coloring of Qn whose span coincides with the lower bound obtained in Theorem 3.1 and
hence we determine the radio number of Qn.
Case I: n ≡ 1, 3 (mod 4)
Let x1, x2, . . . , x2n be the sequence of vertices of Qn constructed by using Algorithm 4.1. Now, for n ≡ 1, 3 (mod 4), we
define a coloring f as follows: f (x1) = 1 and f (xi) = f (xi−1)+ 1+ n− d(xi, xi−1), 2 ≤ i ≤ 2n. By Theorem 4.1, f is a radio
coloring. By Lemma 3.1, the span of f is f (x2n) = (2n − 1)(n+ 1)−
(
n+ n+12
) ( 2n−2
2
)
+ n = ( n+32 ) 2n−1 − n−12 .
Case II: n ≡ 0 (mod 4)
We define the coloring f as follows: f (x1) = 1 and f (xi) = f (xi−1) + 1 + n − d(xi, xi−1), 2 ≤ i 6= 2n−1 + 1 ≤ 2n, and
f (x2n−1+1) = f (x2n−1)+1+n− d(x2n−1+1, x2n−1)+1. Then by Theorem 4.2, f is a radio coloring and by Lemma 3.1, the span
of f is f (x2n) = (2n − 1)(n+ 1)−
[(
n+ n2
) ( 2n−2
2
)
+ n+ 1
]
+ 1+ 1 = ( n+42 ) 2n−1 − ( n2 ).
Case III: n ≡ 2 (mod 4)
Like in the n ≡ 0 (mod 4) case, here we also give the ordering x1, x2, . . . , x2n for the vertices of Qn, such that the
sequences d(x1, x2), d(x2, x3), . . . , d(x2n−1−1, x2n−1) and d(x2n−1+1, x2n−1+2), . . . , d(x2n−1, x2n) are alternating sequences of
n’s and n2 ’s (beginning with n) and d(x2n−1 , x2n−1+1) = n+22 . First, we order the vertices of Q6 such that the corresponding
distance sequence is an alternating sequence of 6’s and 3’s, except that the distance between the 32nd and 33rd
vertices is 4. Consider the ordered sets I and II of vertices of Q3 as I = (000, 111, 100, 011, 101, 010, 001, 110) , II =
(000, 111, 110, 001, 101, 010, 011, 100). Observe that the vertices in I are of Q3 and they are arranged such that the
corresponding distance sequence is an alternating sequence of 3’s and 2’s. Also the vertices in II are of Q3 and they are
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arranged such that the corresponding distance sequence is an alternating sequence of 3’s and 1’s. It is easy to see that the
ordered union (I ? II) uniondbl (I ? II(2)) uniondbl (I ? II(4)) uniondbl (I ? II(6)) uniondbl (I ? ÎI) uniondbl (I ? ÎI
(2)
) uniondbl (I ? ÎI
(4)
) uniondbl (I ? ÎI
(6)
) contains 26 vertices of Q6
such that the corresponding distance sequence is an alternating sequence of 6’s and 3’s except that the distance between the
32nd and 33rd vertices is 4. Let I(6)i = I ? II(2i−2), i = 1, 2, 3, 4, and I(6)i+4 = I ? ÎI(2i−2), i = 1, 2, 3, 4, and let the ordered sets
A and B be as in n ≡ 0 (mod 4) case. By following Subroutine 3 of Algorithm 4.1, we order the vertices Qn, n ≡ 2 (mod 4),
such that the corresponding distance sequence is an alternating sequence of n’s and n2 ’s except that the distance between
the (2n−1)th and (2n−1 + 1)th vertices is n+22 . We name the vertices in the constructed sequence as x1, x2, . . . , x2n . We
define the coloring f as follows: f (x1) = 1 and f (xi) = f (xi−1) + 1 + n − d(xi, xi−1), 2 ≤ i 6= 2n−1 + 1 ≤ 2n, and
f (x2n−1+1) = f (x2n−1)+1+n− d(x2n−1+1, x2n−1)+1. Then by Theorem 4.2, f is a radio coloring and by Lemma 3.1, the span
of f is
f (x2n) = (2n − 1)(n+ 1)−
[(
n+ n
2
)(2n − 2
2
)
+ n+ 1
]
+ 1+ 1
=
(
n+ 4
2
)
2n−1 −
(n
2
)
.
6. Conclusion
The technique used in this paper to get a lower bound of radio k-chromatic number for hypercube Qn can be generalized
to get a lower bound for any general graph. Since the algorithm discussed in this paper is an arrangement of vertices (2n
number of vertices) of Qn, it is an exponential time algorithm. Since either assigning positive integers to the 2n vertices of Qn
or checking the radio coloring condition for between the 2n vertices of Qn needs exponential steps, the problem of defining
radio coloring is optimally solved in this paper.
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